
Math 565: Functional Analysis
Lecture 24

In fact
,
the last class of examples are all Hilbert-Schmidt operators on L(X

,M) , and the

proof is left as HW .

Theseve
, let (X

, m) be a -finite measure space .
Then a bod op .

Tor ((X
,M) is Hilbert-

Schmidt <=) T = Tr fr come Ke ((XXX
, Mx M) ·

Spectral theory of compact operators,

Throughout , letH denote an arbitrary Hilbert space.

Def
.

A bold operator TGBCH) is called self-adjoint if T=TE.

Examples. (a) Orthogonal projections on closed subspaces of H are self-adjoint.
16) If T is selfradjoint and PERSt] then p(t) is self-adjoint .
1) Recall that if Leilies is an ON basic for H and Xp -> 0 for some (ilicite*),

then the operator T : H-> H defined by Tei= xies is compact
. Its adjoint

i given by Thei := Ties ,
which is also compact . Thus , t is self-adjoint

diEIR Fiel
.

(d) For a measure space I,M) and YEL* /X
,M) , we define the multiplication operator

My : 12 (X
,m) -> 2(X,M) associated to 2 by Meet : = 4 . % . Then 11 Mull = 11 411d

and M = Mr .
Thus

,
My is self-adjoint > & is real-valued.

Def
. For a Banach space X and TEB(X)

,
the point spectrum of T is the set

-p(t) = = (x = C : her(T-XI) + 01
,

i

. e . JpIt) is the st of eigenvalues. For XE5p(T) , its eigenspace is Ex := Keili-XI).



Def . Let Hilies be a collection of pairwise orthogonal subspaces of H. The direct sum
of these subspaces is the subspace :

+ Hi := \ZXi : XitHiVit] andE converges in H
=Hi

it I it I To I ItI
finite

Then the nualoy of Parseval's identity holds : for eachH,=po

Spectral theorem for compact self-adjoint operators . Every compact self-adjointTt BCH) admits

on ON basic jeilies of eigenvectors ; equivalently,
H= Ex

.

x75pli)

Furthermore
,

dimlEx) < & and 4x5p(T) : /123 is finite VasO.

To prove this
,
we need he record cone properties of self-adjoint operators. Observe that

for any
linear T : H + H

,
we have

IITll = supKTx , y> 1
.

(t)
11 xII
, (ly() = 1

Indeed
,
IITI=SuPIITXl=P

, YITx,

Properties of self-adjoint operators . Let TEBIH be self-joint . Then :
(a) 1ITIl
=ShpKTx,x

(6) If WE H is T-invariant (i . e . TCW) = W) Kew Wt is also T-invariant.

() If WE H is T-invariant and closed ther I/w)* = (T&w)
,
here The is self-adject

(d) <TX
,
x> IR ExeH

.

In particular
, Op(Th = IR.

(e) IfXo #1 , are in Op(T)
,
then Exp + Exc

.

Proof
. (b) If we W and WeWt

,
ter <W

,
Tit = <, T

*
w = < Tw

,
We = 0 her



TwEW
,
hence Twent

.

() Observe hot Tom satisfies the adjoint identity , so ITIw)= ( +*w) = The
(d) <Tx , x) = (X, TExx = (x, Tx)

= <TX
,
x)
,
10(tx

,
x)EIR .

If Tx = /x for some OXEH
,

then x 11x(l" = x <x
,
x = <Xx

,
x) = cTX

,
x) FIR

,
10 XEIR

.

(e) let xie Exi
,
i = 0

.
1 . Then x0(X0

,
Xi = <0x0

, X1
= <Txo

,
X> = <Xo

,
TX = <o

,

X
, XL=

= X< Xo
,
Xi2

,
so NXoxil Xo

,
Xi =0 here < xo

,
Xi = 0 .

IBre, alschowla
we was assme sTx,20 .

We aim to express <Tx
, > via terms str

.
v.

(i) (T(x+ y) , x + y) = (Tx , xz+ sTy , y) + (tx , 43
+ (ty , xy = (Tx

,
x) + < Tg , y) +2sTx, 93

(ii) < T(x-g) , x
-y) = < +x

,
x) + C+y ,y) - 2 < ix, b) .

Subtracting (i)-(ii)
,
weyet

4 Six
,y) = <T(x+y) , x +y) - ST(x

- y) , x - y) -d(((x +y() + 11x- y(17)
= 2(21(x (12 + 211y114) = 42 ,

Leve six ,b Ed .

Obs . For any Banach space X and TEB(X) , if xE Tp(Th then I/IIITI.

Proof
.

If x Ex Men IITx/l = 11xx)l = NIKxI)
, so NK1/TII ·

MainLemma
. Every compact selfcadjoint operator To BCH) has an eigenvale= ITI.

Proof
.

Since 11TI = sup KTx ,x)) , 7 (xu) <H of unit rectors 1.t
.
Lim/Tyn

,
Xail = 1T11

.

IIx() = 1 u

1) switching be a subsequence , we way assume let him <Txxal = X and I = /TII.

By the compacte of T , lixu) has a conregent subsequence ,
so switching be it

,
we

may assume let linixn = ye H . May asume TP, so X = ITI + P .
We verify

that x := x y is an eigenvector. Note :

Ilixa-Xxall=< Txn-xxy
,
Exa-xxa> = 11 Txall"+ Killxalk-2xTX2

,
Xu> bease

STXn
,
XnY EIR by self-adjointmen of 5 .

The,

11 ixnXXaIME ITIP + 1ITI-2x < [x
,
Xub -> ZITI"- 2x" = O

,
Leave Axn+y , i. e .

n ->



Xn+ X
. By the continuity of T , When Txn-Tx but also Penty = Xx , so

Tx = XX
.

Also X + 0 boa <Txn
,
Xa> ->+ 0 and also x = < Ex

,
X >.

Proof of spectral them for compart self-edpoint operators . By Zorn's Lemma
,
let seibit be

a maximal DN family of eigenvectors of T.

Let W := spanililies
Note that W is T-invariat hence It is T-invariant and That is still

self-adjoint , so if W+ 0 Men That would have an eienventor (with eigen-
value x = IIITIwl)

, contraditing the maximality of Seiliet-

Net
.

An operator TGBCH) is called normal ifTTF = T&T

Example . (a) Self-adjoint operators are normal
.

16) If T is normal and pEDSt) , then p(Th is normal.

1) If T is unitary ,
then T is normal beaut To = +" ·

Decomposition into self-adjoints. For any TEBCH) There are unipe self-adjoint [, BCH)
with T = T ,

+ itn ; in fact , T:= (T++* ) and is := 15-th ·

In particular , T is normal <=> T
, and in commute

Proof
.

That T
, is as given in the statement are self-adjoint and T= T

, +ite is apparent , and the

characterization of normality is a straightforward verification
.
To prove the uniqueness of such

a decomposition , suppose T = T: + its is another such composition. The
P = T-T= T, -Ti + i/iz- Th)
O : T&- TP = T,Ti- i (T -Ti)

and adding these too equalities gives T
,
=TI

,
while subtracting gives Tz=Th.


